Electrostatic drift waves ͑EDWs͒ in nonuniform quantum magnetized plasmas are described by the quantum hydrodynamic model. Electrons are viewed as a low-temperature Fermi gas. Analytical expression of the dispersion relationship of the quantum EDW is presented. Quantum effects are shown to affect the dispersion of the EDW significantly. The effects on the dispersion relation due to the magnetic field and spatial inhomogeneity give rise to results similar to the classical case. Our results should be relevant to dense astrophysical objects, e.g., neutron stars, magnet-stars, and white dwarfs.
I. INTRODUCTION
Quantum plasma physics has attracted a great deal of attention in recent years ͑see Refs. 1-5, and references therein͒ due to their potential applications in ultrasmall electronic devices, 6 dense astrophysical bodies ͑e.g., the interior of white dwarfs and neutron stars͒, 1,7-12 and high intensity laser systems, 13, 14 etc. It is well known that classical plasmas are characterized by high temperatures and low densities, for which quantum mechanical effects are totally negligible. However, when the de Broglie wavelength of the charged particles ͓viz., B = ប / ͑mv͒, where ប is the Plank constant divided by 2, m is the particle mass and v is the thermal speed͔ becomes equal to or greater than the typical interparticle distance d = n −1/3 , quantum effects start playing a role. 15 The larger the value of n B 3 , the more important quantum effects are. Three well-known models, the Wigner-Poisson ͑WP͒ model ͑in the presence of magnetic fields, the so-called Wigner-Maxwell model͒, Hartree model, and the quantum hydrodynamic ͑QHD͒ model, are used to describe quantum plasmas systems. The WP model describes the statistical behavior of quantum plasmas, whereas the Hartree model describes the hydrodynamic behavior of quantum plasmas. 15 The QHD model representing the transport of some microscopic variables, such as, charge, momentum, and energy in plasmas has been introduced to deal with some issues in semiconductor physics. 16, 17 In fact, hydrodynamic formulations have been employed in the early days of quantum mechanics. 18, 19 As a fluid model, the QHD model has the advantage of mathematical efficiency and can be derived from the WP model and/or the Hartree model. 15, 20, 21 It has been extensively used in the study of quantum plasmas transport, waves and instabilities. The quantum magnetohydrodynamic ͑QMHD͒ model also was obtained 21 by using the QHD model with magnetic fields based on the WignerMaxwell equations. Recently, quantum effects due to the potential energy of the electron-1 / 2 spin magnetic moment in a magnetic field have attracted much attention.
2, [22] [23] [24] Drift waves are known as the special low-frequency waves in a spatially inhomogeneous plasma confined by an external magnetic field. They are caused by guiding center drifts of the charge carriers, in the presence of plasma density and/or thermal temperature gradient, across the magnetic field. These kinds of waves in classical plasmas have been studied by many researchers ͑see, for example, Ref. 25͒. Shokri et al. 26 studied the oscillation spectrum of the volume quantum drift waves in a plasma placed in a very strong quantizing magnetic field. Shukla et al. 27 derived the dispersion relations of new electromagnetic drift modes in quantum magnetoplasmas by using quantum magnetohydrodynamic equations with and without ions motions. Ren et al.
5
investigated the electromagnetic drift modes in quantum magnetized electron-positron-ion plasmas by considering the electron Fermi pressure based on the two fluid quantum plasma model. Ali et al. 28 derived the dispersion relationship for the electrostatic driftlike waves in a nonuniform collisional quantum magnetoplasma and found that modified driftlike waves are unstable.
The present work is concerned with electron-ion quantum magnetized plasmas described by the QHD model. Electrons are considered as a three-dimensional ͑3D͒ lowtemperature Fermi gas and the following temperature ordering is satisfied, T Fi ͑T i ͒ Ӷ T e Ͻ T Fe . The pressure terms are neglected for the more massive ions. The electron thermal temperature ͑T e ͒ and Fermi temperature ͑T Fe ͒ are included in our model. The plasmas in dense astrophysical circumstance such as the interior of white dwarfs and crust of neutron stars are extremely dense and highly degenerate 1, 3 and thus, T Fe is much higher than the electron thermal temperature T e . The quantum-mechanical effects associated with the quantum statistical pressure and the quantum force due to the Bohm potential term 15 are expected to play a crucial role. Drift wave approximations, such as, the wave frequencies are much smaller than the ion Larmor frequency are used in our calculations. The quantum EDW are studied by following the step carried out in the case of classical EDW.
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The paper is organized as follows: In Sec. II, the basic set of equations of the QHD model is presented and the linear dispersion relation of the quantum EDW is derived. Section III is devoted to analysis and discussion on the dispersion relation. Finally, the conclusion is given in Sec. IV.
II. MATHEMATICAL MODEL
In the present work, a nonuniform quantum plasma composed of electrons and singly charged ions is considered. The plasma is assumed to be placed in an external magnetic field B 0 = B 0 ẑ, where ẑ is the unit vector along the z direction. Plasma particles number density n j0 ͑x͒ is assumed to be inhomogeneous along the x direction. Here n j0 is the equilibrium number density of species j and j = i , e represents ions and electrons, respectively. The quasineutrality condition reads as n i0 = n e0 = n 0 . The basic quantum fluid model for both electrons and ions coupled to the Poisson equation can be written as 21 ‫ץ‬n e ‫ץ‬t + ٌ · ͑n e u e ͒ = 0, ͑1͒
Here, n e , u e , and m e ͑resp. n i , u i , and m i ͒ are the number density, velocity, and mass of the electron ͑resp. ion͒. B is the magnetic field, is the electrostatic potential, e is the magnitude of the electronic charge, and 0 is the dielectric constant. The quantum effects are represented by the last ប-dependent term on the right-hand side of Eqs. ͑3͒ and ͑4͒, the so-called Bohm potential. P e is the electron pressure term which contains both the zero-temperature Fermi pressure, and the thermal pressure. For simplicity, the pressure effects are disregarded for ions. 29 We introduce the following parameter for simplicity of notation:
which denotes the characteristic length of the plasma inhomogeneity. The weak spacial inhomogeneity approximation can be described by n Ӷ k, where k is the wave number. The density n 0 is assumed to decrease with increasing x, implying that dn 0 / dx is negative. Under the drift wave approximation Ӷ ce , where is the oscillation frequency and ce = eB / m e is the electron gyrofrequency. The electron momentum equation along the magnetic field can be simplified by neglecting the inertial term on the left-hand side of Eq. ͑3͒ as follows:
͑6͒
The electron pressure of the three-dimensional ͑3D͒ Fermi gas with thermal temperature T e is 15, 30 P e = 2 5
where T Fe = ប 2 ͑3 2 n 0 ͒ 2/3 / ͑2m e ͒ is the electron Fermi temperature. It should be stressed that we have assumed an equation of state of the form
by following the step carried out in Ref. 15 . For simplicity of notation, we define the following parameter:
As we have mentioned, the inhomogeneity occurs only in the x direction and therefore, one gets ٌ ʈ n 0 ͑x͒ = 0. Now Eq. ͑6͒ can be written as
͑9͒
Linearizing the formula above by assuming that n e = n 0 + n e1 , = 0 + 1 and 0 = 0, where n e1 Ӷ n 0 is the perturbed number density, we obtain
It is appropriate to assume that the perturbed quantities are proportional to exp͑ik ʈ z + ik Ќ y − it͒, where k ʈ ͑k Ќ ͒ is the parallel ͑perpendicular͒ wave number and is the wave frequency. It is not hard to gain
Here, we point out that the exact expression of the first order of the last ប-dependent term in Eq. ͑9͒ is
When the inhomogeneity occurs only in the x direction and wave vector has no component along the x direction in our model, this formula can be exactly simplified by keeping only the first term in the square brackets and thus, the perturbed electron number density becomes 
where ci = eB 0 / m i is the ion gyrofrequency and
where Ӷ ci and n Ӷ k have been used. By substituting perturbed velocity u i into Eq. ͑2͒, we obtain the perturbed ion number density,
Adopting the formula above and n e1 from Eq. ͑12͒ in the Poisson equation ͑5͒, we obtain
To gain a concise analytical expression of the dispersion relationship, the following sequence should be included in our model:
Using this relation, we obtain
where pe = ͑e 2 n e0 / m e 0 ͒ 1/2 is the electron plasma frequency and F = ͑2T Fe 0 / n 0 e 2 ͒ 1/2 is the quantum analog of the Debye length, i.e., D = ͑ 0 T e / ne 2 ͒ 1/2 . Similar to the Debye length, F describes the scale length of electrostatic screening in a quantum plasma. 15 The formula above gives the dispersion relationship of EDW in nonuniform quantum plasmas. The electron diamagnetic drift velocity in classical plasmas is defined as
Now one can define a new velocity,
which is the quantum analog of the electron diamagnetic drift velocity. In the same way, the quantum ion-acoustic velocity can be defined as
where C s = ͑T e / m i ͒ 1/2 is the classical ion-acoustic velocity. As aforementioned, the electron Fermi temperature T Fe is much greater than electron thermal temperature T e for the deeply quantum case. 15 Under this circumstance, one gets Ӎ 1. Hence, v qDe ͑C qs ͒ is much greater than v De ͑C s ͒ as quantum effects corrections are taken into account. Now Eq. ͑19͒ can be written as
2 ͪͬ = 0.
͑21͒
The classical result can be recovered immediately by substituting k 2 D 2 for ͑3 / 5͒k 2 F 2 and disregarding Bohm tunneling terms. The pressure term, Eq. ͑7͒, which is under the FermiDirac distribution circumstance is used to displace that in the classical case. The relationship, ͑1 / m e n e ͒ ٌ P Fe1 = ͑1 / n 0 ͒v e 2 ٌ n e1 , is employed for getting the linear equations. 
III. ANALYSIS AND DISCUSSION
In the previous section, the general dispersion relation of EDW based on quantum plasmas conditions is obtained. Further discussions can be given by using the explicit analytical expression in Eq. ͑21͒. In this section, some detailed discussions are presented. where
4m e 2 pe 2 , ⍀ 2 = k Ќ v qDe , and
For convenience, we define the former wave as an A wave and the latter one as a B wave. The A wave, which has 1 / k ʈ Ͼ 0, propagates along the electron drift direction while the B wave propagates along the negative y direction with 2 / k ʈ Ͻ 0. In the long wave length region, the wave number k is small enough so that the following ordering is satisfied:
Considering these conditions, one gets
from Eq. ͑24͒. Then the following dispersion relation is gained:
When the parallel wave number is small enough, k Ќ Ӎ k and ⍀ 3 Ӎ 0, consequently yielding 1 Ӎ ⍀ 2 / ⍀ 1 and 2 Ӎ 0. It implies that only the A wave can propagate in this case. The phase velocity of the A wave is
In the long wave case, the formula above becomes v p Ӎ v qDe , meaning that the wave phase velocity is the electron diamagnetic drift velocity with quantum effects corrections. It should be specially pointed out that if k ʈ is very small and the drift waves almost propagate only along the perpendicular direction, the value of / k ʈ will become comparable to that of v Te or v A ͑Alfvén speed, defined as B 0 / ͱ 0 where is the plasma mass density͒. In this case, electrostatic mode approximation ͑viz., / k ʈ Ӷ v Te , which implies that electrons which run along magnetic lines will reach thermal equilibrium condition quickly͒ is no longer appropriate and cannot exactly describe drift waves in quantum plasmas, which means Eq. ͑6͒ will not be suitable to describe electrons motions. The perturbation of magnetic field should be taken into account too. In other words, besides the electrostatic mode, the electromagnetic drift mode 5,27 becomes significant and even dominant.
Another case of interest is that when the parallel wave number k ʈ is large enough, the following order is satisfied:
Accordingly, we obtain
for the long wavelength region from Eq. ͑26͒. In Eq. ͑29͒, the value of k ʈ C s is much greater than that of k Ќ v De , which means that drift waves now behave as ion-acoustic waves in quantum plasmas. From this point of view, the A wave whose phase velocity is a little larger than C qs can be called the accelerated ion-acoustic wave in quantum plasmas. The B wave whose phase velocity is a little smaller than C qs can be called the decelerated ion-acoustic wave in quantum plasmas. Considering Eq. ͑27͒ and comparing it with Eq. ͑29͒, we find that drift waves display different features in parallel and perpendicular directions. We indicate that if drift waves mainly propagates along the perpendicular direction, the electron diamagnetic drift has remarkable acceleration or deceleration effects on the waves. Therefore, the waves have features different from the ion-acoustic wave. This is coincident to the classical results. According to Eqs. ͑22͒ and ͑24͒, the magnetic field B and density gradient n appears only in v De . Equation ͑18͒
indicates that v De is proportional to n and the inverse of B. Take the A wave, for instance, it is easy to find out from Eq. ͑22͒ that
which implies that the frequency increases monotonically as v De increases. That is to say, the frequency is a monotonic function that decreases as magnetic field enhances or n decreases. Now we numerically investigate quantum effects on electrostatic drift waves. Without loss of generality, we take the A wave ͑accelerated ion-acoustic wave͒ as an example. Quantum effects play significant roles in low temperatures and high densities plasmas while classical plasmas physics focus on the opposite regimes characterized by high temperatures and low densities. Note that in high density astrophysical plasmas, the densities are about 10 25 -10 36 m −3 and temperatures about 10 5 -10 8 K.
3,4 Under these dense astrophysical circumstances, quantum effects are important. We choose some typical parameters that are representative of the plasma in the atmosphere of neutron stars, magnet-stars, and white dwarfs, 7, 8, 15 viz., n o =10 33 m −3 , T e =10 −17 J, and B = 1 T. The following parameters are used in our numerical calculation: e = 1.9ϫ 10 −19 C, m e = 0.91ϫ 10 −30 kg, m i =12m p ͑m p = 1.67ϫ 10 −27 kg is the mass of proton͒, 0 = 8.85ϫ 10 −12 F m −1 , and ប = 1.05ϫ 10 −34 J s. The dependence of the wave frequency on the perpendicular wave number k Ќ is first discussed and shown in Fig. 1 while the parallel wave number k ʈ is taken as a parametric variable. As shown in Fig. 1 , in either the quantum or classical case, the wave frequency increases with increasing vertical wave numbers. For the same value of parallel wave number, the curve of frequency versus vertical wave number in the quantum case is always higher than that in the classical case. Figure 1 confirms our analysis that both of the quantum corrected diamagnetic drift velocity and ion-acoustic velocity are larger than those in the classical case. Figure 1 also infers that the wave frequency increases as the parallel wave number goes up. Figure 2 illustrates the relationship of the wave frequency and parallel wave number while the perpendicular wave number is treated as a parametric variable. It is shown that the wave frequency increases as the parallel wave number increases and the wave frequency in the quantum case is larger than that in the classical case. Similar to Fig. 1, Fig. 2 reveals that the wave frequency increases when the vertical wave number increases. Here, it should be noted that C s Ӎ 2.23ϫ 10 4 m s −1 exceeds v De Ӎ 5.26 m s −1 . Combining with Eq. ͑26͒, we find that if the order of k Ќ / k ʈ equals approximately to O͑10 3 ͒ and then k ʈ C s is comparable to k Ќ v De , as corroborated by Figs. 1 and 2. 
IV. APPLICATIONS AND CONCLUSION
We have investigated the electrostatic drift waves ͑EDW͒ in nonuniform three-dimensional Fermi plasma placed in a external magnetic field by using the QHD model. The dispersion relation of EDW is obtained. In our model, electrons thermal and Fermi pressure terms were both taken into account. The new quantum diamagnetic drift velocity v qDe and quantum ion-acoustic velocity C qs are introduced and shown to be much greater than their respective value under classical circumstance. The dependence of the wave frequency on the parallel and perpendicular wave numbers in both the quantum and classical cases is analyzed. Our results 
